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Large scale facilities
Free-electron lasers
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Coherent interaction among electrons tremendously increases photon number
From synchrotrons to free-electron lasers
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Dipole: I ~ #electrons

Wiggler: I ~ #poles*#electrons

Undulator: I ~ #poles2*#electrons

FEL: I ~ #poles2*#electrons2
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Figure 1
Peak brilliance of various free-electron laser (FEL) facilities as compared with a selection of state-of-the-art
synchrotrons, optical lasers, and high-harmonic sources (HHG). Abbreviations: BESSY II, Berliner
Synchrotron; PETRA III, Positron Elektron Ring Anlage; SPring 8, Super Photon Ring 8 GeV;
APS, Advanced Photon Source; ESRF, European Synchrotron Radiation Facility.

XFEL: European
XFEL

European XFEL, with its 27-kHz repetition rate, will become operational in 2015 at the Deutsches
Elektronen Synchrotron in Hamburg; and FEL projects are planned at the Paul Scherrer Institute
in Switzerland and in China and Korea as well. Four basic yet unprecedented properties, discussed
below, make FEL radiation unique and are essential to a variety of new applications.

1.1.1. Total photon flux. With typically 1012 to 1013 photons per pulse and repetition rates
of up to 120 Hz for FELs based on normal conducting cavities, the total photon flux is actually
comparable to that achieved at the most modern synchrotrons. Still, the pulse structure, with its
short and intense pulses, is favorable for background suppression and allows us to explore the
interaction of light with very dilute samples of, e.g., cold molecular ions or highly charged ions in
beams or traps. Moreover, superconductive-cavity FELs such as the FLASH and European XFEL
facilities, are designed to operate at up to 27 kHz, thus exceeding present synchrotron photon
fluxes by factors up to approximately 100.

1.1.2. Peak brilliance. The peak brilliance of up to 1034 photons (s · mrad2 · mm2 ·
0.1%BW)−1 is up to nine orders of magnitude beyond those of the most advanced synchrotrons.
Depending on the optics and wavelength, power densities from 1016 W cm−2 to extreme values
of 1021 W cm−2 can be reached by focusing, e.g., 1013 photons of 10 keV energy in 100-fs pulses
to a spot size of 100-nm diameter. Hence, nonlinear and multiphoton effects arise in the X-ray
regime for the first time and can be studied and exploited for molecular investigations.

1.1.3. Pulse duration. Ultrashort pulse durations of ∼100 fs are standard, and at least a hundred
times shorter than at synchrotrons. As shown below, pulses as short as ∼40 fs have been measured
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High density of relativistic electrons in an undulator interacts with the self-emitted field
How an FEL works

NATURE PHOTONICS | VOL 4 | DECEMBER 2010 | www.nature.com/naturephotonics 815

travel the distance λu + nλn; that is, t' = (λu + nλn)/c, where c is the 
speed of light in vacuum. By equating these expressions, the fol-
lowing relation for the resonant wavelengths is obtained28:

λu 
n  

λn = 
λu 

2ny 2
  
(1 + au 

2)    for n = 1, 2, 3...  
1−v  /c 

−
−≈z

v  /c 
−

z

where –vz ≈ c(1 − (1 + āu
2)/2γ2) and āu is the root-mean-squared 

undulator parameter proportional to the undulator period and 
magnetic #eld, which is typically 1 ~< āu ~< 5. For a given fundamental 
wavelength λ1, this expression can be inverted to obtain the resonant 
z-component of the mean electron velocity, giving –vz = ck1/(k1 + ku).

A more detailed analysis28 shows that only the fundamental and 
odd harmonic wavelengths of the radiation (n = 1, 3, 5...) are in fact 
emitted on-axis, and for an helical undulator, in which the electron 
motion forms a spiral along the z axis, only the fundamental har-
monic has strong emission on-axis. $e wavelength can be tuned 
by changing either the electron energy (by varying γ) or the undu-
lator parameter āu.

$e power emitted by the electrons in an undulator is given by:
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where φj are the relative phases of the emitted radiation electric 
#elds Ej, with the number of electrons N >> 1. For a system with 
uncorrelated phases, the second sum of ~N2 terms tends to destruc-
tively interfere. $is is what happens in normal incoherent ‘sponta-
neous’ sources of undulator radiation, and the total power emitted 
is approximately equal to the sum of the powers from the N inde-
pendent scattering electrons. To tap into the potentially much larger 

coherent N2 term, the phases of the electric #elds must be corre-
lated; that is, φj ≈ φk for all electrons. Put simply, the electron sources 
must be periodically bunched at the resonant radiation wavelength. 
$is is what the FEL interaction does, as shown schematically in 
Fig. 2. We shall now demonstrate how the high-gain FEL interaction 
does this by describing how the electrons interact collectively in the 
combined undulator/radiation #elds.

The high-gain FEL interaction
To describe the high-gain FEL interaction, coupled equations that 
follow the electron motion and radiation generation self-consist-
ently are required. $e Lorentz equation describes the forces on 
each electron resulting from the combined undulator and radiation 
#elds, and Maxwell’s wave equation describes the electric #eld of 
the radiation as driven by the transverse electron current induced 
by the #elds.

First, it is useful to consider how the transversely oscillating elec-
trons bunch at the resonant wavelength in a #xed plane wave #eld 
of constant amplitude. An electron’s rate of change of energy may 
be written as:

= −eE․v ∝ Eau  sin((k1 + ku)z − w1t) + sin((k1 − ku)z − w1t)dt
d(γmc2)

Although the second term has a phase velocity of vph > c, the #rst 
term has a phase velocity of vph = ck1/(k1 + ku) < c. $is is exactly 
the mean resonant electron velocity obtained previously for the 
resonant undulator radiation; that is, –vz = vph, which shows that, 
neglecting the fast oscillatory second term with vph > c, an electron 
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Figure 1 | An undulator selects only certain resonant wavelengths of the 
radiation emitted by an electron. a, The lower plot shows an electron 
trajectory over one undulator period, λu. The upper plot shows the electric 
fields Ex for two resonant wavelengths λn at the fundamental (n = 1; red) 
and third harmonics (n = 3; blue). A non-resonant electric field is also 
shown (green). The fundamental and third harmonics are phase-matched 
with the electron after one undulator period — these constructively 
interfere over many periods. The non-resonant field is not phase-matched 
and will destructively interfere over many periods. b, Plot showing how the 
radiation spectrum evolves from a broadband synchrotron source to the 
distinct resonant wavelengths of undulator radiation as a function of the 
undulator length z = Nuλu over many periods. 

Incoherent emission:
electrons randomly phased

Coherent emission:
electrons bunched at
radiation wavelength

Figure 2 | FEL operating principle. When electrons enter the undulator, 
their initially random phases ensure that mostly incoherent radiation 
is emitted at the resonant radiation wavelength (left). Because the 
electrons interact collectively with the radiation they emit, small coherent 
fluctuations in the radiation field grow and simultaneously begin to bunch 
the electrons at the resonant wavelength. This collective process continues 
until the electrons are strongly bunched towards the end of the undulator 
(right), where the process saturates and the electrons begin to de-bunch.
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interacting with a resonant radiation !eld can have a slow exchange 
of energy with the !eld over many undulator periods. Electrons 
that are separated by half a radiation period have opposite rates of 
energy change — half of the electrons lose energy while the other 
half gains energy. "is process causes the electrons to bunch at the 
radiation wavelength, allowing a coherent interaction between the 
electrons and the radiation. "e forces that bunch the electrons can 
be considered as a series of periodic potential wells (Φ) travelling 
at the resonant electron velocity, which is referred to as a ‘pon-
deromotive’ potential. However, in a constant !eld, the bunching 
process cannot describe any energy gain of the radiation !eld. "e 
gain process can be described by li#ing this restriction of a constant 
radiation !eld and considering how the electron bunching and !eld 
growth self-consistently drive each other in an exponentially unsta-
ble feedback loop.

The steady-state model 
"e self-consistently coupled equations that describe a FEL are 
shown in Box 1. "ey are written here in their universally scaled 
form17, in the one-dimensional, plane-wave limit, for a potential 
well approximately one-radiation-wavelength long. "e !rst two 
di$erential equations are derived from the Lorentz force equation 
for the electrons and, for a radiation phase of ϕ = −π/2, are formally 
identical to the equations of simple pendula of angle θ from stable 
equilibrium8. "e other two equations are derived from Maxwell’s 
wave equation for the radiation electric !eld, and describe the evo-
lution of the !eld envelope of amplitude a and phase ϕ as driven by 
the transverse current of the electrons. ρ is a fundamental scaling 
parameter known as the FEL or Pierce parameter17,18, and gives a 
measure of the strength and scaling of the electron–radiation FEL 
coupling and its saturated e'ciency. Clearly, several simplifying 
assumptions have been made in deriving these equations17.

"e initial electron phases θj0 are uniformly distributed over the 
range (0, 2π]. "us, 〈cos(θ0 + ϕ0)〉 = 〈sin(θ0 + ϕ0)〉 = 0, and the !eld 
is not driven. If, in addition, the initial !eld amplitude a0 is zero 
then there are no bunching forces on the electrons and the system is 
stable. Now consider what happens if the system has a small initial 
!eld a0 << 1, with phase ϕ0 = 0, as shown in Fig. 3.

"e electrons experience a small force that tends to slightly 
bunch them symmetrically about the bottom of the potential. "e 
!eld amplitude is not driven because, for electron bunching about 
θ = 3π/2, the source term 〈cos(θ + ϕ0)〉 = 0. However, the !eld phase 
ϕ is driven and increases because its source −1/a0〈sin(θ + ϕ0)〉 > 0. 
Even though the electron bunching about θ = 3π/2 will initially be 
small — that is, 〈sin(θ + ϕ0)〉 << 1 — the initial !eld amplitude a0 is 
itself very small, so that the rate of change of ϕ is signi!cant. It is this 
driving of the radiation phase to larger values that lies at the heart 
of the instability. Although the electrons bunch about θ = 3π/2, 
the increasing radiation phase means that 〈θ〉 + ϕ ~> 3π/2 and the 
radiation !eld amplitude begins to increase because its source term 
〈cos(θ + ϕ)〉 > 0. "e increasing !eld amplitude raises the bunching 
forces on the electrons closing the positive feedback loop, and so 
the exponential instability takes o$. Once the !eld amplitude has 
grown to a ≈ 1, the electrons achieve maximum bunching, the driv-
ing of the phase slows down and the system enters the nonlinear 
saturated regime.

As the electrons become strongly bunched at the fundamental 
harmonic, there is also a strong nonlinear driving of harmonic 
bunching components20 bn = 〈exp(−inθ)〉, which prove very useful 
in extending the radiation generation to shorter wavelengths (see, 
for example, refs 29–33).

Linearization of these equations17 reveals an exponential insta-
bility in both the scaled !eld amplitude a and the fundamental 
electron bunching parameter b1. "e radiation power is given by 
P(z) ≈ P0/9 exp(√3z/lg), until the interaction saturates. Here the 

initial power P0 can be approximated from analysis by Kim34, and 
the gain length lg de!nes the exponential growth rate. "e scaled 
radiation power is given by a2 ≈ P/ρPe, where Pe is the electron beam 
power, so that at saturation, when the scaled power is a2 ≈ 1, ρ is 
seen to be a measure of the e'ciency of the interaction, with typical 
values in the X-ray regime of 10–4 ~< ρ ~<10–3. "e scaling also shows 
that the energy spread of the electron beam at saturation is σγ ≈ ρ, 
and the saturated power scales as 3√I4, which demonstrates the col-
lective nature of the interaction. It also becomes clear through this 
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Figure 3 | The high-gain FEL mechanism in the rest frame of the electron 
beam, which is propagating left to right. a–d, A small radiation field of 
initial phase ϕ0 = 0 is applied to the electrons at the start of the undulator 
(a). Ф represents two ponderomotive potential wells. The forces on the 
electrons (red arrows) tend to induce a small electron bunching about the 
phases θ = 3π/2 and θ = 7π/2. This small bunching drives the radiation 
phase ϕ, thus shifting the ponderomotive wells Ф of phase (θ + ϕ) to 
the left (b). The weakly bunched electrons are now raised in potential 
energy and begin to ‘fall’ into the potential well, thus losing kinetic energy 
to the radiation field and increasing the depth of the potential well. This 
radiation phase shifting, electron bunching and energy exchange from 
electrons to the field continues exponentially in a type of ‘inverse surfing’ 
of the electrons (c) until the phase growth in ϕ slows down when the field 
becomes large. The system saturates when the now strongly bunched 
electrons begin to re-gain kinetic energy from the potential and re-absorb 
energy from the field — the electrons begin to ‘surf’ (d).
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McNeil and Thompson, Nat. Phot. 4, 813 (2010)

• The undulators in an FEL act 
like an amplifier. 

• For SASE (self-amplification 
of spontaneous emission), 
they amplify the random 
spontaneous emission. 

• In effect, they amplify any 
density modulation of the 
electron bunch at a 
wavelength within the 
amplifier bandwidth. 

• Seeding needs to provide an 
electron bunch density 
modulation with Fourier 
components at the right 
wavelength.
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High Gain Harmonic Generation

| Seeding update | PRM 21.10.2022 | Eugenio Ferrari

Modulator
RadiatorDispersive section Energy 

modulation per 
energy spread 
must be larger 
than harmonic 
number 
(reasonable up 
to 10).

Externally seeded with an optical laser
High gain harmonic generation (HGHG)
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The way to get even higher harmonics, i.e. shorter wavelengths
Echo-enabled harmonic generation (EEHG)

DESY. Page 8

Echo Enabled Harmonic Generation

| Seeding update | PRM 21.10.2022 | Eugenio Ferrari

G. Stupakov, PRL, 2009
D. Xiang, G. Stupakov, PRST-AB, 2009

● A first laser generates energy 
modulation in electron beam.

● A strong chicane creates stripes in 
the longitudinal phase space.

● A second laser imprints energy 
modulation.

● The second chicane converts energy 
modulation into harmonic density 
modulation.

A1
A2

B1

B2
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Echo Enabled Harmonic Generation

| Seeding update | PRM 21.10.2022 | Eugenio Ferrari

G. Stupakov, PRL, 2009
D. Xiang, G. Stupakov, PRST-AB, 2009

● A first laser generates energy 
modulation in electron beam.

● A strong chicane creates stripes in 
the longitudinal phase space.

● A second laser imprints energy 
modulation.

● The second chicane converts energy 
modulation into harmonic density 
modulation.

A1
A2

B1

B2

Works up to harmonic ~100. 
Requires two lasers, modulators and chicanes. 
Only one laser needs to be tunable.
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High repetition rate free-electron laser with two undulator lines to generate XUV and soft X-ray pulses
FLASH overview (@ DESY, Hamburg, Germany)

FLASH 
today

• superconducting accelerator enables many thousand pulses per second 
• operation in burst mode: up to 800µs RF filled with up to 800 electron pulses (1 MHz) 
• usually, we serve in total 5000 pulses per second for two beam lines 
• bursts repeated with 10Hz

Each experimental hall hosts: 
• 2 open port beam lines (one monochromatic) 

• in total ~5 facility operated end stations or user supplied 
• 2 fixed endstations at dedicated beam lines 
• 1 split-and-delay-unit at an open port

315 m

5 MeV 150 MeV 1250 MeV

Bunch Compressors

450 MeV

Accelerating StructuresRF Stations

Lasers
RF Gun

Fixed Gap Undulators
Xseed Photon 

Diagnostics
THz

FLASH1

FEL Experiments

<100fs
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Outline

• Introduction to free-electron lasers 

• Soft X-ray spectroscopy with femtosecond resolution 

• Towards non-linear X-ray spectroscopies
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To understand and control functionality
Low energy excitations at active sites
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news & views

electronic order, including charge- and 
spin-density-wave orders and nematic 
charge order, has (mostly) been dismissed as 
being an uninteresting sideshow, a material-
dependent complication or even a disease. 
However, in recent years increasingly 
extensive but largely indirect experimental 
evidence that these other types of order 
are ubiquitous in HTSC materials has 
led to a slowly spreading realization 
that they may have to be included in the 
‘irreducible minimum’ to understand 
HTSC. !e direct observation — by X-ray 
di"raction — of an incipient charge density 
wave (CDW) in high-quality (ortho-VIII) 
crystals of YBa2Cu3O6+y (YBCO) has 
now been independently reported by 
Johan Chang et al.2 in Nature Physics and 
Giacomo Ghiringhelli et al.3 in Science. !is 
is an important discovery, with the broad 
implication that other forms of charge order 
are inextricably intertwined with HTSC.

YBCO is the most studied HTSC 
compound. It is a quasi-two-dimensional 
material, as all the superconducting copper 
oxides are, in which the mobile electrons 
are largely con$ned to move in layers 
made of copper and oxygen, forming a 
liquid of strongly correlated degrees of 
freedom carrying charge and spin quantum 
numbers. A schematic phase diagram of 
YBCO as a function of the temperature T 
and the doping level y (that parameterizes 
the oxygen content of its chemical 
composition) is shown in Fig. 1. Near 
y = 0, and below the (Néel) temperature 
TN ~ 400 K, YBCO is an antiferromagnet 
and an electrical (Mott) insulator. As y 
increases, a superconducting phase with 
the shape of a rather distorted dome (red 
curve) is found, which has its maximum at 
the value of Tc ~ 90 K at the optimal doping 
level of y = 0.93. For doping levels y < 0.93, 
the material is considered ‘underdoped’. 
At temperatures well above the maximum 
Tc is a strange or ‘bad metal’ regime with 
many anomalous properties that are 
strikingly di"erent from those of familiar 
‘good’ metals. One of the most mysterious 
regions of the phase diagram is referred 
to as the ‘pseudogap regime’, which lies 
below a not very sharply de$ned crossover 
temperature T*, marking the boundary 
between the ‘bad metal’ and an even more 
anomalous regime.

What Chang and co-workers discovered 
were pronounced peaks in the X-ray 
structure factor corresponding to 
substantially correlated CDW %uctuations 
that emerge below a temperature, 
TCDW ≈ 140 K, which is lower than, but 
of order T* ≈ 250 K, at the same level of 
doping. YBCO has a crystal structure 
consisting of stacked Cu–O bilayers, and 

is strongly (electronically) orthorhombic 
due to the presence of Cu–O chain layers. 
!e new peaks in the X-ray structure 
factor are centred at the scattering vectors 
Q1 = (q1, 0, 1/2) and Q2 = (0, q2, 1/2 ) with 
q1 ≈ q2 ≈ 0.31. !e correlation length of the 
CDW order — obtained from the width of 
the superlattice peaks — is temperature-
dependent, but grows to a maximum value 
corresponding to a correlation length of 
roughly ξab  ~ 20 lattice constants in plane, 
and ξc  ~ 1 unit cell out of plane. !e value 
of q1 implies that, in plane, the density wave 
order is incommensurate with the Cu–O 
lattice, with a period close to three unit cells 
(which would correspond to q1 = 1/3 ). !e 
1/2 factor in the ordering vector implies a 
tendency for neighbouring bilayers to have 
the CDW order shi'ed by phase π relative 
to each other — for true long-range order, 
it would correspond to a new unit cell with 
four Cu–O planes.

!is %uctuating CDW order is 
strongly coupled to, and competes with, 
superconductivity, as demonstrated by 
the observed non-monotonic temperature 
dependence of the scattering intensity 
and the correlation length; both grow 
with decreasing temperature for 
TCDW > T > Tc, then drop with further 
decrease of temperature on entering the 
superconducting state for T < Tc ≈ 60 K. 
!is competition is further corroborated 
by the high magnetic-$eld studies of 
Chang et al.2, which show that application 
of magnetic $elds up to 17 T perpendicular 
to the planes has no detectable e"ect on the 
CDW correlations for T > Tc, but produces a 
large magnetic-$eld-induced enhancement 
of both the intensity and the correlation 

length of the peak in the structure factor 
when T < Tc. Presumably, this enhanced 
CDW order is an indirect consequence 
of the $eld-induced suppression of the 
superconducting order.

Fluctuating3 and static5,6 charge- and 
spin-density-wave (SDW) orders (in 
the form of stripes) have been seen in 
La2–xSrxCuO4 and La2–xBaxCuO4, but were 
regarded as special to the lanthanum 
‘214’ family. Moreover, charge nematic 
order — a melted CDW/SDW state with 
broken rotational invariance — has been 
seen in neutron scattering7 in highly 
underdoped YBCO (with y = 0.45) and also 
in Nernst-e"ect experiments8 above the 
superconducting dome throughout much of 
the pseudogap regime. !e case of  
La2–xBaxCuO4 is particularly signi$cant as 
it has a pronounced suppression of Tc near 
x = 1/8 where static CDW and SDW (stripe) 
phases are seen, as well as a state above Tc in 
which the Cu–O layers are superconducting 
and e"ectively decoupled9,10. !e e"ective 
doping of the YBCO ortho-VIII crystals 
studied by Chang et al.2 (also studied in 
ref. 3) is also 1/8, and it is natural to expect 
a relation, although the ordering wave 
vectors are di"erent. Strong evidence of 
charge order (nematic and CDW) has 
been seen in STM experiments4,11,12 in 
Bi2Sr2CaCu2O8+δ.

More directly relevant to the $ndings 
of Chang et al.2 (and to those of refs 3,4) is 
the comparison with the other evidence for 
charge order in YBCO. Exquisitely detailed 
quantum-oscillation experiments in 
magnetic $elds larger than 30 T (su)cient 
to suppress superconductivity in YBCO) 
provided evidence that the competing 
state is a density wave13. Subsequent NMR 
experiments in magnetic $elds in the 
range 15–35 T have shown that a sharp 
thermodynamic phase transition occurs at 
the onset of the CDW phase14 (although the 
ordering wave vector does not seem to agree 
with the X-ray results). Recent ultrasound 
experiments15 have found a thermodynamic 
transition at T* and a peak in the 
attenuation rate at TCDW. Finally, possible 
evidence of time-reversal symmetry-
breaking has been reported in YBCO with 
the Kerr e"ect16 and in neutron scattering17.

Clear evidence of incipient CDW order 
in YBCO is an important advance in 
the $eld. As the ‘cleanest’ of the cuprate 
materials, any ordering tendencies 
observed in YBCO are probably intrinsic. 
Nonetheless, the results raise many 
questions. Is the incipient CDW order 
in YBCO a material-speci$c property of 
this family of cuprates in a narrow range 
of doping, or is it more ubiquitous? Is it 
a close relative of the fully formed CDW 

Superconductivity

y

T
T*TN

Spin-
glass

TC

Bad m
etal

El
ec

tro
n 

ne
m

at
ic

Mesoscale
electronic

phase
separation

Incipent
charge
density
waveA

nt
if

er
ro

m
ag

ne
t

Figure 1 | Schematic phase diagram of the 
high-temperature superconductor YBCO. 
The red curve outlines the superconducting 
dome. Underneath T* lies the pseudogap 
regime, in which mesoscale electronic phase 
separation occurs.
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news & views

electronic order, including charge- and 
spin-density-wave orders and nematic 
charge order, has (mostly) been dismissed as 
being an uninteresting sideshow, a material-
dependent complication or even a disease. 
However, in recent years increasingly 
extensive but largely indirect experimental 
evidence that these other types of order 
are ubiquitous in HTSC materials has 
led to a slowly spreading realization 
that they may have to be included in the 
‘irreducible minimum’ to understand 
HTSC. !e direct observation — by X-ray 
di"raction — of an incipient charge density 
wave (CDW) in high-quality (ortho-VIII) 
crystals of YBa2Cu3O6+y (YBCO) has 
now been independently reported by 
Johan Chang et al.2 in Nature Physics and 
Giacomo Ghiringhelli et al.3 in Science. !is 
is an important discovery, with the broad 
implication that other forms of charge order 
are inextricably intertwined with HTSC.

YBCO is the most studied HTSC 
compound. It is a quasi-two-dimensional 
material, as all the superconducting copper 
oxides are, in which the mobile electrons 
are largely con$ned to move in layers 
made of copper and oxygen, forming a 
liquid of strongly correlated degrees of 
freedom carrying charge and spin quantum 
numbers. A schematic phase diagram of 
YBCO as a function of the temperature T 
and the doping level y (that parameterizes 
the oxygen content of its chemical 
composition) is shown in Fig. 1. Near 
y = 0, and below the (Néel) temperature 
TN ~ 400 K, YBCO is an antiferromagnet 
and an electrical (Mott) insulator. As y 
increases, a superconducting phase with 
the shape of a rather distorted dome (red 
curve) is found, which has its maximum at 
the value of Tc ~ 90 K at the optimal doping 
level of y = 0.93. For doping levels y < 0.93, 
the material is considered ‘underdoped’. 
At temperatures well above the maximum 
Tc is a strange or ‘bad metal’ regime with 
many anomalous properties that are 
strikingly di"erent from those of familiar 
‘good’ metals. One of the most mysterious 
regions of the phase diagram is referred 
to as the ‘pseudogap regime’, which lies 
below a not very sharply de$ned crossover 
temperature T*, marking the boundary 
between the ‘bad metal’ and an even more 
anomalous regime.

What Chang and co-workers discovered 
were pronounced peaks in the X-ray 
structure factor corresponding to 
substantially correlated CDW %uctuations 
that emerge below a temperature, 
TCDW ≈ 140 K, which is lower than, but 
of order T* ≈ 250 K, at the same level of 
doping. YBCO has a crystal structure 
consisting of stacked Cu–O bilayers, and 

is strongly (electronically) orthorhombic 
due to the presence of Cu–O chain layers. 
!e new peaks in the X-ray structure 
factor are centred at the scattering vectors 
Q1 = (q1, 0, 1/2) and Q2 = (0, q2, 1/2 ) with 
q1 ≈ q2 ≈ 0.31. !e correlation length of the 
CDW order — obtained from the width of 
the superlattice peaks — is temperature-
dependent, but grows to a maximum value 
corresponding to a correlation length of 
roughly ξab  ~ 20 lattice constants in plane, 
and ξc  ~ 1 unit cell out of plane. !e value 
of q1 implies that, in plane, the density wave 
order is incommensurate with the Cu–O 
lattice, with a period close to three unit cells 
(which would correspond to q1 = 1/3 ). !e 
1/2 factor in the ordering vector implies a 
tendency for neighbouring bilayers to have 
the CDW order shi'ed by phase π relative 
to each other — for true long-range order, 
it would correspond to a new unit cell with 
four Cu–O planes.

!is %uctuating CDW order is 
strongly coupled to, and competes with, 
superconductivity, as demonstrated by 
the observed non-monotonic temperature 
dependence of the scattering intensity 
and the correlation length; both grow 
with decreasing temperature for 
TCDW > T > Tc, then drop with further 
decrease of temperature on entering the 
superconducting state for T < Tc ≈ 60 K. 
!is competition is further corroborated 
by the high magnetic-$eld studies of 
Chang et al.2, which show that application 
of magnetic $elds up to 17 T perpendicular 
to the planes has no detectable e"ect on the 
CDW correlations for T > Tc, but produces a 
large magnetic-$eld-induced enhancement 
of both the intensity and the correlation 

length of the peak in the structure factor 
when T < Tc. Presumably, this enhanced 
CDW order is an indirect consequence 
of the $eld-induced suppression of the 
superconducting order.

Fluctuating3 and static5,6 charge- and 
spin-density-wave (SDW) orders (in 
the form of stripes) have been seen in 
La2–xSrxCuO4 and La2–xBaxCuO4, but were 
regarded as special to the lanthanum 
‘214’ family. Moreover, charge nematic 
order — a melted CDW/SDW state with 
broken rotational invariance — has been 
seen in neutron scattering7 in highly 
underdoped YBCO (with y = 0.45) and also 
in Nernst-e"ect experiments8 above the 
superconducting dome throughout much of 
the pseudogap regime. !e case of  
La2–xBaxCuO4 is particularly signi$cant as 
it has a pronounced suppression of Tc near 
x = 1/8 where static CDW and SDW (stripe) 
phases are seen, as well as a state above Tc in 
which the Cu–O layers are superconducting 
and e"ectively decoupled9,10. !e e"ective 
doping of the YBCO ortho-VIII crystals 
studied by Chang et al.2 (also studied in 
ref. 3) is also 1/8, and it is natural to expect 
a relation, although the ordering wave 
vectors are di"erent. Strong evidence of 
charge order (nematic and CDW) has 
been seen in STM experiments4,11,12 in 
Bi2Sr2CaCu2O8+δ.

More directly relevant to the $ndings 
of Chang et al.2 (and to those of refs 3,4) is 
the comparison with the other evidence for 
charge order in YBCO. Exquisitely detailed 
quantum-oscillation experiments in 
magnetic $elds larger than 30 T (su)cient 
to suppress superconductivity in YBCO) 
provided evidence that the competing 
state is a density wave13. Subsequent NMR 
experiments in magnetic $elds in the 
range 15–35 T have shown that a sharp 
thermodynamic phase transition occurs at 
the onset of the CDW phase14 (although the 
ordering wave vector does not seem to agree 
with the X-ray results). Recent ultrasound 
experiments15 have found a thermodynamic 
transition at T* and a peak in the 
attenuation rate at TCDW. Finally, possible 
evidence of time-reversal symmetry-
breaking has been reported in YBCO with 
the Kerr e"ect16 and in neutron scattering17.

Clear evidence of incipient CDW order 
in YBCO is an important advance in 
the $eld. As the ‘cleanest’ of the cuprate 
materials, any ordering tendencies 
observed in YBCO are probably intrinsic. 
Nonetheless, the results raise many 
questions. Is the incipient CDW order 
in YBCO a material-speci$c property of 
this family of cuprates in a narrow range 
of doping, or is it more ubiquitous? Is it 
a close relative of the fully formed CDW 
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Figure 1 | Schematic phase diagram of the 
high-temperature superconductor YBCO. 
The red curve outlines the superconducting 
dome. Underneath T* lies the pseudogap 
regime, in which mesoscale electronic phase 
separation occurs.
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Core levels are element specific

Selectivity: Local electronic structure through specific core resonances

H He Li Be B C N O F Ne Na Mg

10 100 1000
2 4 6 8 2 4 6 8

Binding Energy (eV)

Ne Na Mg Al Si P S Cl Ar K Ca
Sc

Ti
V
Cr
Mn
Fe
Co

Ni
Cu

Table 1-1.  Electron binding energies, in electron volts, for the elements H to Ti in their natural forms.

Element K 1s L1 2s L2 2p1/2 L3 2p3/2 M1 3s M2 3p1/2 M3 3p3/2
  1  H 13.6       
  2  He 24.6*       
  3  Li 54.7*       
  4  Be 111.5*       
  5  B 188*       
  6  C 284.2*       
  7  N 409.9* 37.3*      
  8  O 543.1* 41.6*      
  9  F 696.7*       
10  Ne 870.2* 48.5* 21.7* 21.6*    
11  Na 1070.8† 63.5† 30.65 30.81    
12  Mg 1303.0† 88.7 49.78 49.50    
13  Al 1559.6 117.8 72.95 72.55    
14  Si 1839 149.7*b 99.82 99.42    
15  P 2145.5 189* 136* 135*    
16  S 2472 230.9 163.6* 162.5*    
17  Cl 2822.4 270* 202* 200*    
18  Ar 3205.9* 326.3* 250.6† 248.4* 29.3* 15.9* 15.7*
19  K 3608.4* 378.6* 297.3* 294.6* 34.8* 18.3* 18.3*
20  Ca 4038.5* 438.4† 349.7† 346.2† 44.3 † 25.4† 25.4†
21  Sc 4492 498.0* 403.6* 398.7* 51.1* 28.3* 28.3*
22  Ti 4966 560.9† 460.2† 453.8† 58.7† 32.6† 32.6†

Table 1-1.  Electron binding energies, in electron volts, for the elements V to Ag in their natural forms.

Element K 1s L1 2s L2 2p1/2 L3 2p3/2 M1 3s M2
3p1/2

M3
3p3/2

M4
3d3/2

M5
3d5/2

N1 4s N2 4p1/2 N3
4p3/2

23  V 5465 626.7†  519.8† 512.1† 66.3† 37.2† 37.2†      
24  Cr 5989 696.0†  583.8† 574.1† 74.1† 42.2† 42.2†      
25  Mn 6539 769.1†  649.9† 638.7† 82.3† 47.2† 47.2†      
26  Fe 7112 844.6†  719.9† 706.8† 91.3† 52.7† 52.7†      
27  Co 7709 925.1†  793.2† 778.1† 101.0† 58.9† 59.9†      
28  Ni 8333 1008.6†  870.0† 852.7† 110.8† 68.0† 66.2†      
29  Cu 8979 1096.7†  952.3† 932.7 122.5† 77.3† 75.1†      
30  Zn 9659 1196.2* 1044.9* 1021.8* 139.8* 91.4* 88.6* 10.2* 10.1*    
31  Ga 10367 1299.0*b 1143.2† 1116.4† 159.5† 103.5† 100.0† 18.7† 18.7†    
32  Ge 11103 1414.6*b 1248.1*b 1217.0*b 180.1* 124.9* 120.8* 29.8 29.2    
33  As 11867 1527.0*b 1359.1*b 1323.6*b 204.7* 146.2* 141.2* 41.7* 41.7*    
34  Se 12658 1652.0*b 1474.3*b 1433.9*b 229.6* 166.5* 160.7* 55.5* 54.6*    
35  Br 13474 1782* 1596* 1550* 257* 189* 182* 70* 69*    
36  Kr 14326 1921 1730.9* 1678.4* 292.8* 222.2* 214.4 95.0* 93.8* 27.5* 14.1* 14.1*
37  Rb 15200 2065 1864 1804 326.7* 248.7* 239.1* 113.0* 112* 30.5* 16.3* 15.3 *
38  Sr 16105 2216 2007 1940 358.7† 280.3† 270.0† 136.0† 134.2† 38.9† 21.3 20.1†
39  Y 17038 2373 2156 2080 392.0*b 310.6* 298.8* 157.7† 155.8† 43.8* 24.4* 23.1*
40  Zr 17998 2532 2307 2223 430.3† 343.5† 329.8† 181.1† 178.8† 50.6† 28.5† 27.1†
41  Nb 18986 2698 2465 2371 466.6† 376.1† 360.6† 205.0† 202.3† 56.4† 32.6† 30.8†
42  Mo 20000 2866 2625 2520 506.3† 411.6† 394.0† 231.1† 227.9† 63.2† 37.6† 35.5†
43  Tc 21044 3043 2793 2677 544* 447.6 417.7 257.6 253.9* 69.5* 42.3* 39.9*
44  Ru 22117 3224 2967 2838 586.1* 483.5† 461.4† 284.2† 280.0† 75.0† 46.3† 43.2†
45  Rh 23220 3412 3146 3004 628.1† 521.3† 496.5† 311.9† 307.2† 81.4*b 50.5† 47.3†

46  Pd 24350 3604 3330 3173 671.6† 559.9† 532.3† 340.5† 335.2† 87.1*b 55.7†a 50.9†
47  Ag 25514 3806 3524 3351 719.0† 603.8† 573.0† 374.0† 368.3 97.0† 63.7† 58.3†
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Photon-in photon-out
Resonant inelastic X-ray scattering (RIXS)

understanding of which lies at the heart of present day
condensed matter physics. Most often this many-body phys-
ics is captured in model Hamiltonians, the exact parameters
of which must be determined experimentally. RIXS, along
with other spectroscopic techniques, can play an important
role there, though we note that it is a spectroscopic technique
applicable to many other materials and is, of course, not
limited to correlated systems.

In the following, we discuss the relevant excitation energy
and momentum scale on which RIXS can probe the excitation
spectrum of a solid. We then briefly introduce the kinds of
elementary excitations that are accessible to RIXS.

1. Excitation energy and momentum scale

As shown in Fig. 6, the elementary excitation spectrum in
solids spans the range from plasmons and charge-transfer
(CT) excitations at a few eV, determining, for instance,
optical properties, through excitons, dd excitations, and mag-
nons down to phonons at the meV scale. In principle, RIXS
can measure the momentum dependence of the excitation
energy of all these modes, i.e., their dispersion, because the
photon transfers momentum as well as energy to the material
under study.

This is unusual if one is accustomed to optical light
scattering, such as Raman scattering (Devereaux and Hackl,
2007). Photons in the visible range of the spectrum with an
energy of a few eV carry negligible momentum compared to
the quasimomentum of the elementary excitations of a solid
(see Fig. 1). A photon of 2 eV has a momentum of
ℏq ¼ 10"27 kgm=s, or a wave vector q ¼ 10"3 !A"1,
whereas elementary excitations in a crystal with a lattice
constant of say 3 Å have wave vectors up to q ¼ 2!=3 #
2 !A"1. On this scale optical light scattering is in essence a
zero momentum probe. To measure the dispersion of elemen-
tary excitations for momenta in a sizable portion of a typical
Brillouin zone, x rays with energy on the order of 1 keV or
more are needed, corresponding to, for instance, the Cu
L edge.

2. Overview of elementary excitations

Here we discuss the different elementary excitations ac-
cessible to RIXS; a detailed review is provided in Sec. V.

a. Plasmons

Collective density oscillations of an electron gas are
referred to as plasmons. They can be observed by inelastic
x-ray scattering (IXS) or by optical probes since they occur at
finite energy for q ¼ 0. Thus plasmon excitations are ob-
served in IXS, but from the little work that has been done it
appears their resonant enhancement is weak; see Sec. V.A.

b. Charge-transfer excitations

Charge transport in a condensed matter system is deter-
mined by the energetics of moving electrons from one site to
another. In a transition-metal oxide, there are two relevant
energy scales for this process. The first is the energy asso-
ciated with an electron hopping from a ligand site to a metal
site. This is known as the charge-transfer energy ", where
" ¼ Eðdnþ1LÞ " EðdnÞ, and L represents a hole on the li-
gand site. The second energy scale is the energy U associated
with moving a d electron from one metal site to another,
where U ¼ Eðdnþ1Þ þ Eðdn"1Þ " 2EðdnÞ. Strongly corre-
lated insulators may be classified by which of these two
energies is the larger (Zaanen et al., 1985). If U > ", then
the gap is of the charge-transfer type and the system is said to
be a charge-transfer insulator. Conversely, if U < ", then the
gap is controlled by the d-d Coulomb energy and the system
is said to be a Mott-Hubbard insulator.

The bulk of transition-metal oxide compounds, including
the cuprates, nickelates, and manganites, are in the
charge-transfer limit. This means the lowest lying excitations
across the optical gap are charge-transfer excitations and,
therefore, these are of central importance in these materials.
Key questions include the size of the gap (typically on the
order of a few eV) and the nature of the excitations: Do they
form bound exciton states? Are these localized or can they
propagate through the lattice? What are their lifetimes, sym-
metries, and temperature dependence, etc. While some stud-
ies have been performed using other techniques, notably
electron-energy-loss spectroscopy (EELS) and optical con-
ductivity measurements, RIXS offers a powerful probe for
many of these questions and has been applied extensively. We
review the experimental results and their theoretical interpre-
tation in Sec. V.B.

c. Crystal-field and orbital excitations

Many strongly correlated systems exhibit an orbital degree
of freedom, that is, the valence electrons can occupy different
sets of orbitals. Orbitally active ions are also magnetic: They
have a partially filled outer shell. This orbital degree of
freedom determines many physical properties of the solid,
both directly and indirectly, because the orbitals couple to
other degrees of freedom. For instance, the orbital’s charge
distribution couples to the lattice, and according to the
Goodenough-Kanamori rules for superexchange the orbital
order also determines the spin-spin interactions. The nature of
the orbital degree of freedom, the orbital ground state, and its
excitations are an important aspect of strongly correlated
systems.

FIG. 6 (color). Different elementary excitations in condensed
matter systems and their approximate energy scales in strongly
correlated electron materials such as transition-metal oxides.

Luuk J. P. Ament et al.: Resonant inelastic x-ray scattering studies . . . 709
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Next to Auger damage, stimulated emission is observed
Impulsively stimulated RIXS

FIGURES 18
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FIG. 1. Experimental setup. (a) Simplified schematic of the experimental setup, which was also used in Chen et al. [23].
The X-ray beam is split into two components with an X-ray beam splitter. One of the X-ray beams passes through a blank
SiN membrane while the other passes through a membrane with a Co/Pd magnetic multilayer. The beams emerging from the
membranes in the forward direction are measured with a grating-based spectrometer. (b) Examples of single-shot spectra for a
25 fs pulse, recorded when the membranes and Co/Pd multilayers were removed from the X-ray paths. The spectra recorded
from each beam align very well, demonstrating our ability to normalize the Co/Pd multilayer spectra by the bare membrane
reference spectra.
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FIG. 2. Summary of experimental results. (a) Comparison of the scaled spontaneous Co L3 RIXS spectrum (gray) for Co
metal [33] and the Co/Pd X-Ray Absorption Spectrum (XAS, black), both recorded at synchrotron light sources (low fluence
limit). The red spectrum is the transmission version of the XAS spectrum. (b) Example of data extraction and normalization.
The dashed gray line is the reference spectrum of a 25 fs pulse of 9490mJ/cm2 fluence transmitted through the SiN window,
multiplied by 0.55 to account for the constant non-resonant absorption of the Co/Pd sample. The blue curve is the measured
transmission spectrum through the Co/Pd sample at the stated high fluence. The red curve is the spontaneous (low fluence)
transmission spectrum, obtained by multiplying the red spectrum in (a) by the dashed-gray reference spectrum. Light blue
shaded areas indicate non-linear gain and red areas non-linear loss. Panels (c), (d), (e), (f), (g) and (h) show as dashed lines the
reference spectra transmitted through the SiN for 5 fs and 25 fs pulses for di↵erent pulse shapes and fluences. The associated
transmission di↵erence spectra are shown as solid black lines. They were obtained by subtraction of the spontaneous low-fluence
spectra from the non-linear high-fluence spectra for the respective transmission curves. The shading of areas corresponds to
the procedure (blue minus red curves) illustrated in (b). Each spectrum is an average of many shots as discussed in the text.
The centers of three regions with non-linear response are denoted by dashed vertical lines and labeled ↵, � and �.
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Similar excitations accessible, selection rules different, but coherent enhancement could be large
Wave-mixing as a coherent alternative to RIXS?

M Beye et al

3

2.2. X-ray/optical sum-frequency generation

In the following, we will describe in more detail one of the 
most promising non-linear soft x-ray methods and how x-ray/
optical sum-frequency generation (SFG) can deliver similar 
information as normal RIXS spectroscopy. Due to its direc-
tional nature, the signal can be enhanced by the coherent 
interaction of many scatterers. It also becomes nearly back-
ground-free, thus facilitating detection with small acceptance 
devices. As a parametric process, SFG leaves the system in 
the ground state and thus allows to circumvent issues with 
sample damage. Furthermore, the signal strength depends 
only linearly on the x-ray !uence and the experiment can be 
conducted at comparably low x-ray intensities, which again 
avoids damaging processes, e.g. due to concurrent x-ray 
absorption at energetically lower lying states that do not take 
part in the desired process.

In the following discussion, we assume that the sample 
under consideration is non-centrosymmetric such that dipole 
selection rules do not strictly apply, making SFG possible. In 
reality, the applicability of this assumption in the soft x-ray 
region still has to be quanti"ed: the electronic transition selec-
tion rules typically apply more strictly in the x-ray regime than 
for optical processes. This is due to the well-de"ned symmetry 
and local nature of the x-ray addressed core states, whereas 
optical processes target valence transitions, often involving 
strongly hybridised states with mixed character. Nevertheless, 
x-ray excitation is a rather strong distortion of the system and 
subsequent vibrational coupling enables dipole forbidden 
electronic transitions [32, 33].

In the original practice of RIXS spectroscopy, a resonant 
incident energy is selected in order to excite a system into an 
unoccupied core excited state with a photon of energy Eb. The 
system then spontaneously decays into a low energy excited 
state (with excitation energies Eo sometimes in the optical 
energy range) through the emission of a photon at red-shifted 
lower energy Er, with Eb = Eo + Er (see "gure 1). Since this 
decay is spontaneous, it is incoherent and the direction of 
emission is largely isotropic. In some cases, the low energy 
excited state will decay back to the ground state via optical 
!uorescence, spontaneously emitting a photon of energy Eo.

X-ray/optical SFG essentially turns this sequence around 
(see "gure  1): the system is simultaneously excited by an 
optical photon with energy Eo and an x-ray photon with 
energy Er and emits the sum-frequency photon Eb. If all these 
photons are at resonant energies (as they naturally are when 
choosing the RIXS energies), the SFG cross-section is largely 
enhanced, since the total cross-section is proportional to the 
product of three individual resonant processes for each of the 
three involved photons [34].

A traditional RIXS spectrum is recorded at "xed Eb and 
displays emission intensities for a set of Er or respectively 
Eo photon energies. In a full RIXS map, one then displays 
intensities for a set of Er (or Eo) photon energies for various 
different Eb photon energies. In SFG, one relies on the tun-
ability of the sources: the equivalent of a RIXS spectrum 
is recorded by measuring the emitted intensity at Eb when 
simultaneously tuning Er and Eo such that their sum Eb 

remains constant. The RIXS map is studied by independently 
tuning Er and Eo and recording the emitted intensity Eb as a 
function of both.

In the SFG experiment though, the interaction between 
the photons and atoms can become coherent between dif-
ferent scatterers, such that the signal intensity grows with the 
squared number of interacting atoms, largely enhancing the 
signal. For this purpose, a phase matching condition has to 
be ful"lled, i.e. the vector sum of the incident wave vectors 
has to match the outgoing wave vector. Since the length of 
the outgoing wave vector is de"ned by its energy, this con-
dition can only be strictly ful"lled for exactly one combina-
tion of angles. If the incoming beams have the correct angle 
with respect to each other, an outgoing SFG beam is formed 
towards the phase matching condition [34].

One important step towards the application of SFG in the 
soft x-ray region is to establish how strong this phase matching 
condition actually is: how broad is the angular spread of the 
outgoing beam and how much angular mismatch between the 
incoming beams can be accepted without substantial signal 
loss? Obeying the phase matching condition essentially limits 
the phase mismatch along the interaction path of the beams, 
i.e. when the radiation propagates through the sample. Since 
absorption lengths in the soft x-ray range are very short (often 
on the order of 20–100 nm [35]), the interaction length is lim-
ited and small angular deviations will only have a small effect 
on the signal.

If the penetration depth into the sample is very small, one 
can use a thin grating approximation and the interaction fol-
lows an alternative picture: the optical laser sets up a coherent 
superposition between ground and optically excited states 
with a spatially varying phase given by the spatially varying 
phase of the laser "eld. The x-ray beams then scatter off this 

Figure 1. Comparison of the processes in RIXS and SFG: in RIXS 
(left), a photon with energy Eb creates a core excitation, which 
decays spontaneously by emitting a photon of lower energy Er, 
leaving a low-energy excited state behind, that eventually can decay 
by emission of another photon of energy Eo. In x-ray/optical SFG 
(right), the sequence is turned around but driven coherently: two 
photons with energies Er and Eo interact with the sample, yielding 
the emission of a sum-frequency photon with energy Eb. The 
information content is essentially the same as in RIXS.

J. Phys.: Condens. Matter 31 (2019) 014003

Beye et al., JPCM 31, 014003 (2019)
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Four-wave mixing (2 optical ± 1 XUV = 1 new XUV) on LiF Li K-edge resonance
Wave-mixing as a coherent alternative to RIXS?

Figures598

Figure 1: Four wave mixing schemes and the LiF linear reflectivity. (A) Schematic view of
the LiF level structure relevant to the experiment with the horizontal arrows representing sum-
and difference-frequency mixing in one- and three-photon resonance with the p-type LiF core
exciton at 62.07 eV photon energy, just below the conduction band edge. The green and red
arrows depict the driving XUV and NIR photons, respectively. The blue and orange ones rep-
resent the generated sum- and difference-frequency photons, respectively. The shaded regions
indicate the spectral bandwidth of of the FEL. (B) The schematic level structure of (A) showing
up in the linear reflectivity of LiF in the photon energy range relevant to the experiment. The
blue dots represent the measured reflectivity. The line is the calculated reflectivity based on the
model for the linear dielectric constant ✏ as outlined in the supplement. The narrow reflectiv-
ity peak visible at 62.3 eV is due to the LiF p-type core exciton resonance located at 62.07 eV
(vertical line) with one of the Li+ (1s)2 core electrons excited. Conduction band absorption is
generally assumed to start at photon energies to the right of this resonance.

28

Figure 3: Measured and calculated frequency conversion yields. (A) Calculated sum- and
difference frequency yields plotted as functions of the process driving FEL photon energy. The
NIR photon energy is fixed at 1.55 eV. The plot is based on our basic model of the LiF third
order nonlinear susceptibility tensor in this photon energy range and corresponds to the param-
eter R = 0.112 in Fig. 5. (B) Density plot of the experimental spectral distributions of the
generated sum- and difference frequency photons (vertical axis) for the different FEL photon
energy settings (horizontal axis). The spectral distributions are shown relative to the respective
FEL photon energy settings. They thus appear at an offset of ±2~!I = ±3.1 eV with respect
to the respective FEL photon energy (horizontal line at zero). (C) The generated number of
sum- (blue) and difference-frequency (orange) photons plotted over the process driving FEL
photon energy ~!X. Shown is the total number of generated photons per FEL pulse-train at zero
FEL-NIR pulse delay summed over the whole spectral distribution of the generated radiation.
Sizeable frequency conversion is observed only with the incident FEL and NIR radiation in one-
or three-photon resonance with the p-type core exciton of LiF. (D) The number of FEL photons
per pulse-train incident on the LiF sample at the FEL photon energies in (C). Shaded areas in
panels (C) and (D) connect 95% confidence intervals of the data.
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