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Introduction to topology



What is topology?

Invariants

Topology = mathematics of 
continuous transformations

study of topological 
equivalences

described by topological 
invariants
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Topology garantees some properties

2 1 − 𝑔 =&𝑣

Invariants
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Magnetic far field
Tangential vector bundle

Example in electromagnetism 8
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Power flow

Magnetic 
field

Electric 
field

Field vortices = dead zones
cannot be avoided !

=no monopolar radiation



Example in electrostatics
W

AV
ES

 T
O

PO
LO

G
Y

R
om

ai
n 

Fl
eu

ry
 

9

+e -e

C=1 C=-1

C=1 C=-1

C=0 C=0



Periodic structures and topological charges

C=-1

C=+1

complete band gap
C=0

C=0
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Topology #2Topology #1

C=1

C=0

Topological edge 
modes

C=0

C=1

Interface
states
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left hand drive country

right hand drive country

unavoidable 
crossing
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Application to robust scattering ?

Disordered

Ordered
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Topologically robust scattering poles

Disordered

Ordered

Right-hand topology Left-hand topology
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Zangeneh, Fleury, Nature Communications 10, 2058 (2019); Phys. Rev. Lett. 122, 014301 (2019); 
Advanced Materials 32, 2001034 (2020); Optics Letters 45, 5966 (2020); Phys. Rev. B 101, 024101 (2019) 
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Topological Fano resonance
10%

a

Zangeneh, Fleury, Phys. Rev. Lett. 122, 014301 (2019)
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2D topological insulators
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Nat. Comm. 6, 8260 (2015)



Topological scattering
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How to define topological charges ?
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Continuous maps:

𝑓(𝜑)

𝜑 ∈ 𝑆!

𝑆! ℝ! ∖ 𝑂

𝑂

𝜑

𝑓 0 = 𝑓(2𝜋)

𝑓 𝑔 ℎ

𝑓(𝜑)

≃ ≄

The notion of Homotopy invariants

Homotopy classes characterized by the winding number of the map = homotopy invariant



Winding number
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ℝ! ∖ 𝑂

𝑂

𝑓
𝑓

𝑂

𝑔
𝑔

ℎ
ℎ

𝑆!𝑆!

𝑓 𝑔

ℎ

𝜑 ∈ 𝑆!

𝜐 = +1
𝜐 = +1

𝜐 = 0



The winding number of the map
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𝑂

𝑓(𝜑)

𝑑𝑓/𝑑𝜑
𝑓×

𝑑𝑓
𝑑𝜑

. 𝑒" Orbital moment, do I go right or left ?

𝜐(𝑓) =
1
2𝜋

3
#!
𝑑𝜑

𝑓× 𝑑𝑓𝑑𝜑 . 𝑒"

𝑓
$ Winding number

Proof: 𝑓 = 𝑓 cos 𝜃(𝜑)
sin 𝜃(𝜑)

𝑒"

𝑒#

⟹ 𝜐(𝑓) = !
$%∮&

$%𝑑𝜃 ∈ ℤ

𝜃(𝜑)

(𝜐 = 0 here)



More practical definition
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𝑂
𝜐(𝑓) = =

'$
% ()*+ ,+-,

./0 1 '$
% 23%

sgn 𝑓×
𝑑𝑓
𝑑𝜑

. 𝑒"  
𝑒"

𝑒#

𝜃&: your choice

𝜃&− +

𝜐 = −1 + 1 = 0

𝜑'&: pre-images

Winding number:



Generalization : the degree of a map
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Base space A Target space B
𝑓

A,B orientable

A,B: 𝑆(, 𝑆), 𝑇), etc

dim𝐴 = dim𝐵𝜑" 𝜃#

deg 𝑓 ==
'$
%

sgn det
𝜕𝜃4
𝜕𝜑5 1 '$

% 23$
%

 

Ex: The winding number 𝜐(𝑓) = deg 𝑓 where 𝑓 is a map from 𝑆( to 𝑆( 

+
!
𝑆! = ℤ Homotopy group from 𝑆( to 𝑆( 



Homotopy groups from Sn to Sm
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+
$
𝑆% = … 0 when 𝑛 < 𝑚 (trivial all maps can be deformed into each other)

5
(
𝑆)

ℤ when 𝑛 = 𝑚 (the case we’ve seen)

5
(
𝑆( 5

)
𝑆)

𝑛 > 𝑚 it depends, open question in general

Ex:  ∏&𝑆' = ℤ, Hopf insulators ∏!(𝑆& = ℤ!)… 
Source: Wikipedia, “homotopy groups of spheres”



𝐻*+ 𝑘+ = 𝜔( 𝐾 + 𝐽𝑒,-.7/

𝐾 + 𝐽𝑒-.7/ 𝜔(

Application to 1D topological insulators
Infinite chain of identical resonators with 2 couplings (K, J) and of period A (2 resonators in the unit cell)

K = intra-cell   J= extra-cell

Coupled harmonic oscillators equations + Bloch theorem à Tight-binding Hamiltonian describing the chain

Resonance 1

Resonance 2

Ktot

Ktot*
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Before defining topology - Things to keep in mind

1)The Bloch wave number lives on a circle : 

3) The eigenvalues of the Hamiltonian give the two frequency bands

2) The Hamiltonian lives in the space of 2 by 2 Hermitian matrices

𝑘" ∈ −
𝜋
𝐴 ,
𝜋
𝐴

𝐻#" 𝑘" = 𝑑$𝝈𝟎 + 𝑑&(𝑘")𝝈𝒙 + 𝑑((𝑘")𝝈𝒚 + 𝑑*(𝑘")𝝈𝒛

𝑘" = 0𝑘" = ±
𝜋
𝐴

𝜔± = 𝑑$ ± 𝑑(𝑘")

𝒅𝒙

𝒅𝒚

𝒅𝒛

𝑑(𝑘?)
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Before defining topology - Things to keep in mind

1)The Bloch wave number lives on a circle : 

3) The eigenvalues of the Hamiltonian give the two frequency bands

2) The Hamiltonian lives in the space of 2 by 2 Hermitian matrices (closed path parametrized by 𝑘") 

𝑘" ∈ −
𝜋
𝐴 ,
𝜋
𝐴

𝐻#" 𝑘" = 𝑑$𝝈𝟎 + 𝑑&(𝑘")𝝈𝒙 + 𝑑((𝑘")𝝈𝒚 + 𝑑*(𝑘")𝝈𝒛

𝑘" = 0𝑘" = ±
𝜋
𝐴

𝜔± = 𝑑$ ± 𝑑(𝑘")

4) The band gap closes when 𝑑(𝑘",./012) = 0
Restricting to insulators excludes the origin 𝒅𝒙

𝒅𝒚

𝒅𝒛
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Defining topology under chiral symmetry

𝐻#" 𝑘" = 𝑑$𝝈𝟎 + 𝑑&(𝑘")𝝈𝒙 + 𝑑((𝑘")𝝈𝒚 + 𝑑*(𝑘")𝝈𝒛 identical resonators = chiral symmetry

𝑑& 𝑘" = ℜ 𝐾303 = 𝐾 + 𝐽 cos 𝑘"𝐴
𝑑( 𝑘" = ℑ 𝐾303 = 𝐽 sin 𝑘"𝐴

𝑘" = 0𝑘" = ±
𝜋
𝐴

Brillouin zone 𝑑&-𝑑( plane

𝒅𝒙

𝒅𝒚
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+
!
𝑆! = ℤ Homotopy group from 𝑆( to 𝑆( 



The winding number as a topological invariant

𝐽
𝐾

Winding=0

1
|J| = |K|

Weakly coupled dimers
No symmetry inversion

Strongly coupled dimers
Symmetry inversion

Winding=1transition
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Scattering matrices: textbook definition
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Goal: define 
topology directly 

from S 



Unitarity of S
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S conserves power flux ⇔ S is unitary: (𝑆8𝑆) = 𝕀9, 𝑆 ∈ 𝑈(𝑚)
(ex: lossless system)

Proof: For all input 𝑆* ,  𝑆*
+𝑆* = 𝑆,+𝑆, ⟺𝑆*

+𝑆* = 𝑆*
+(𝑆+𝑆)𝑆* ⟺𝑆*

+(𝑆+𝑆 − 𝕀-)𝑆* = 0

One port example: 

Two port example: 

S = 𝑅 = 𝑒:3 ∈ 𝑈(1)

S = 𝑗 cos 𝜃 sin 𝜃
sin 𝜃 𝑗 cos 𝜃 ∈ 𝑈(2)



Homotopy of unitary matrices
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𝑆 𝜑 = 𝑅 = 𝑒:3(')

𝜑 ∈ 𝑆!

𝑆! 𝑈(1)

𝜑

𝑆

Π! 𝑈 𝑚 = ℤ ⟹ 𝜐(𝑆) = !
$%∮&

$%𝑑𝜃(𝜑) ⟹ 𝜐 𝑆 = !
$%: ∮&

$%𝑑𝜑 = >? @A, #
='

= !
$%: ∮&

$%𝑑𝜑 𝑇𝑟(𝑆8=#
='
)

Homotopy group and invariant:

Winding of 
reflection phase



Scattering topological invariants in the lab
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Topological edge state(s)

Bulk states
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y

Bloch Momentum

Φ from 0 to 2𝜋 Φ = 0

We can define and measure topological invariants 
from probe scattering.

Topological pumps and scattering: See works by Laughlin, Akhmerov, 
Brower, Nascimbene, Chong, Hafezi, and many others. 



Topological scattering transitions
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Coupled mode theory:
(Mahaux-Weidenmüller formula)

𝑆(𝜔) = 𝐶 + 𝐷 𝑗(𝜔𝕀 − 𝐻) + Γ JK𝐾L

Scattering 
matrix Direct 

path

Closed
system 

Hamiltonian

Decay
matrix

K, D, 
Coupling
matrices

Topological transition
=

Singularity
⟹ 𝑗(𝜔𝕀 − 𝐻) + Γ non invertible ⟺ ∃𝜓B such that 𝐻 + 𝑗Γ 𝜓B =𝜔 𝜓B

Topological transition = Bound state in continuum !

Real excitation 
frequency
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From graphs to topological networks
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Eulerian graphs

The seven bridges of Königsberg, Wikipedia.

Two-color theoremMinimal Veblen decomposition = trivial phaseNon-Minimal Veblen decomposition = topological phase

Delplace, SciPost Phys. (2021), doi: 10.21468/SciPostPhys.8.5.081
Zhang, Delplace, Fleury, Science Advances (2023), DOI : 10.1126/sciadv.adg3186
Zhang, Delplace, Fleury, Nature (2021), DOI : 10.1038/s41586-021-03868-7
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Practical Eulerian graphs : circulator networks 36
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Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023), Nature 598, 293 (2021)

1 3

2



The rich physics of non-reciprocal networks 37
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1 3

2

R=0.25

1 3

2

R=0.48

disorder

disorder

𝑇 = 1𝑇 = 1

𝑇 = 1 𝑇 = 0

ANOMALOUS

CHERN

We want to define and measure topological invariants from scattering measurements

ANOMALOUS

TRIVIAL (ex-CHERN)
Transition: R=1/3



Anomalous immunity to large disorder
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periodic

Very 
disordered

Our topological mode Conventional Chern mode

Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023), Nature 598, 293 (2021)



Other disorder types
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Zhang, Delplace, Fleury, Nature 598, 293 (2022)



Topological invariant measurements
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Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023),



Topological invariant measurements
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Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023),



Topological invariant measurements
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Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023),
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Conclusion



Measuring scattering
invariants

Topological insulators can be used to create
scattering signatures/transport channels that
can be very robust. Applications ?

Practical proof of topology
From a theory-driven field to an 
experimentally-driven one ?

Some take-home messages
Topological waves Robust wave scattering

Topology can garantee nice wave
properties:
-mode presence
-scattering resonance
-unidirectional transport
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Refs: Zhang, Delplace, Fleury, Science Advances 9,eadg3186 (2023), Nature 598, 293 (2021)
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