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Quantum measurement 
of motion 

in the negative mass reference frame
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Standard quantum limit 
of displacement measurement

W. Heisenberg 
N. Bohr 
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Quantum limits for an oscillator
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𝑋𝐿𝑎𝑏 𝑡 = X sin 𝜔𝑡 + P cos 𝜔𝑡

𝜔𝑡 = 𝜋/2

𝜔𝑡 = 0𝜔𝑡 = 𝜋

𝜔𝑡 = 3𝜋/2

The more you measure –
the more you disturb!

The optimal measurement 
strength/duration allows to reach 
the Standard Quantum Limit (SQL) 
for position measurement:

𝑉𝑎𝑟 𝑋𝑙𝑎𝑏 =
ℏ

𝑚Ω





See also: 
Tsai and Caves, PRL 2010
M. Ozawa

W. Wasilewski et al. PRL, 104, 133601 (2010).
K. Hammerer et al. PRL102, 020501 (2009).

E.S. Polzik, K. Hammerer. Ann. der Physik 527, A15 (2015).

in negative mass reference frame



Einstein-Podolsky-Rosen (EPR) entanglement 1935

2 particles entangled 

in position/momentum
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ˆ,ˆ PX 22

ˆ,ˆ PX

LXX  21
ˆˆ

L

0ˆˆ
21  PP

Simon (2000);    Duan, Giedke, Cirac, Zoller (2000)

Necessary and sufficient condition for entanglement
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3 steps to noiseless quantum trajectories

1. Define trajectory relative to a quantum reference 

2. Reference system has an effective negative mass

3. Entangled state of the reference and 
the probed systems is generated

“Experimental long-lived entanglement of two macroscopic objects”. 
B. Julsgaard, A. Kozhekin and ESP. Nature, 413, 400 (2001)

“Establishing Einstein-Podolsky-Rosen channels between nanomechanics and 
atomic ensembles”. K. Hammerer, M. Aspelmeyer, ESP, P. Zoller.  PRL 102, 020501 (2009).

“Trajectories without quantum uncertainties”. K. Hammerer and ESP,  Annalen der Physik . (2015)



Trajectory in a quantum reference frame

X-X0

P+P0

Probe system entangled with origin system

𝑋(𝑑𝑡)𝑋0 = 𝑋(0)𝑋0 + ሶ𝑋 − ሶ𝑋0 𝑑𝑡

= 𝑋(0)𝑋0 + 𝑃 − 𝑃0 𝑑𝑡

𝑋 − 𝑋0 = 𝑋𝑋0 → 0
𝑃 + 𝑃0 → 0

m = m0 = 1 

with negative mass



Oscillators: negative mass=negative frequency

𝑋 𝑡 = 𝑋 0 cos 𝜔𝑡 + 𝑃 0 sin 𝜔𝑡 /𝑚

𝑋 𝑡 − 𝑋0 𝑡 =
𝑋 0 −𝑋0 0 ]cos 𝜔𝑡 + [𝑃 0 + 𝑃0 0 sin 𝜔𝑡

For a reference oscillator with a negative
frequency:
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Spin ensemble in magnetic field as harmonic oscillator
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PJJ zy
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XJJ zx
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Magnetic
splitting



Spin ensemble = negative mass harmonic oscillator

Jz

-1/2
1/2

Negative mass 
oscillator
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Cesium

Quantum opto-spintronics

E

† † †ˆ ˆˆ ˆ . .Par BSH a b a b h c   

Polariton=collective spinphoton

= 𝑔𝑋𝑆𝑋𝐿,

a+

b+

Ground state

Excited state

𝐽𝑦
𝑙𝑎𝑏 = 𝐽𝑦

𝑟𝑜𝑡𝑐𝑜𝑠Ω𝑡 − 𝐽𝑥
𝑟𝑜𝑡sin 𝛺t

𝐽𝑥
𝑟𝑜𝑡

𝐽𝑦
𝑟𝑜𝑡y





Ground+
2.2 vacuum 
BA J

̂
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Quantum back action onto spin oscillator

Lock-in
amplifier

Cos Wt

Sin Wt

X ~ Jy
rot(t)

P ~ Jx
rot(t)

E

𝐽𝑦
𝑙𝑎𝑏 = 𝐽𝑦

𝑟𝑜𝑡𝑐𝑜𝑠Ω𝑡 − 𝐽𝑥
𝑟𝑜𝑡sin 𝛺t

+ Back action noise

+ Back action noise

mF=4

mF=3
1.38 MHz

vacuum BA

(Almost)

Ground
state

z



Quantum Optomechanics 

† † †ˆ ˆˆ ˆ . .Par BSH a b a b h c   



phoNonphoTon

membrane

= 𝑔𝑋𝑀𝑋𝐿 𝑔 = 𝜒𝑃𝑎𝑟 = 𝜒𝐵𝑆



Thermal
(near
ground)

Thermal
+ 2.4 vacuum BA

vacuum BA

Mechanical oscillator. 
Cooling + Q back action
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SiN membrane



LW
Ω𝑚n=0

n=1
n=2

n=3
Phonon
states

Magnetic
spin
states

LW

J

Treutlein group: Coupling atomic and 
mirror motion. PRL 2018



Image credit
Bastian Leonhardt Strube and Mads Vadsholt

Distributed HYBRID quantum system of SPIN and MECHANICS

Room temperature spin 
quantum oscillator

Mechanical oscillator with 
Q = 107 - 109

Michael Balabas



Membrane

Spin OFF Spin ON

Hybrid 
Neg

Thermal
joint

Thermal
membrane

C. B. Møller et al.

𝑉𝑎𝑟 𝑋 − 𝑋0
𝑉𝑎𝑟 𝑋

= 0.69
QBA 
reduction:





Shot noise (phase noise)

Back action 
radiation pressure 
(amplitude noise)





GWD end mirrors 
suspended 40 kg ”free” masses: oscillation frequency < 1Hz with Q = 108 

Standard Quantum Limit 
for measurement of motion of a free mass

Other proposals for beyond SQL Gravitational Wave Interferometry:
H.J. Kimble et al, PRD65, 022002 (2001). Squeezed light with phase rotated by GWI
Y.Ma et al, Nature Physics 13, 776 (2017). Entangled light injected into GWI



W

Broadband
QBA evasion

Atoms



1064nm laser

1064nm
852nm

Gravitational Wave 
Interferometer

Atomic Spin
System

D1

D2

F. Khalili and E.S.P. Quantum back action evading detection of gravitational waves in a 
negative mass reference frame. Phys. Rev. Lett.  July 2018 

F. Khalili 



𝑃𝐿1,𝑜𝑢𝑡 = −𝑃𝐿1,𝑖𝑛 + 𝑓𝑜𝑟𝑐𝑒 𝑡𝑒𝑟𝑚𝑠 + Γ𝑀𝜒𝑀𝑋𝐿1,𝑖𝑛

𝑃𝐿2,𝑜𝑢𝑡 = −𝑃𝐿2,𝑖𝑛 + 𝑓𝑜𝑟𝑐𝑒 𝑡𝑒𝑟𝑚𝑠 + Γ𝑀𝜒𝑀𝑋𝐿2,𝑖𝑛

𝑃𝐿1,𝑜𝑢𝑡 − 𝑃𝐿2,𝑜𝑢𝑡 = −𝑃𝐿1,𝑖𝑛 + 𝑃𝐿2,𝑖𝑛 + 𝑓𝑜𝑟𝑐𝑒 𝑡𝑒𝑟𝑚𝑠
+Γ𝑀𝜒𝑀𝑋𝐿1,𝑖𝑛 − Γ𝑆𝜒𝑆𝑋𝐿2,𝑖𝑛

Γ𝑀𝜒𝑀 = −Γ𝑀𝜒𝑀 (𝑃𝐿1,𝑖𝑛−𝑃𝐿2,𝑖𝑛)
2 = 𝑒−2𝑟

(𝑋𝐿1,𝑖𝑛+𝑋𝐿2,𝑖𝑛)
2 = 𝑒−2𝑟

𝑃𝐿1,𝑜𝑢𝑡 − 𝑃𝐿2,𝑜𝑢𝑡 ⇒ 𝑓𝑜𝑟𝑐𝑒 𝑡𝑒𝑟𝑚𝑠

Probing the hybrid system with EPR entangled light modes

1064nm
D1 852nmSpins D2GWI



Simulation for LIGO

F. Khalili and E.S.P. Phys.Rev.Lett. July 2018



Collaboration with Danish Institute for Fundamental Metrology

𝝋

𝜑(𝜈)



European Gravitational Wave future



Summary:

standard quantum  limits of measurement

precision of fields and forces can be surpassed

Next generation sensors of

force,  acceleration, and gravity

Image credit: Bastian Leonhardt Strube and Mads Vadsholt
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